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E-mail address: kyriakos@me.berkeley.edu (K. KomAbrasive wear of a soft and smooth surface sliding against a rough (fractal) and hard surface was analyzed
by the slip-line theory of plasticity. The analysis is based on a slip-line model of a rigid spherical asperity
(wear particle) plowing through a soft surface and removing material by microcutting. Integration of this
single-contact model into a three-dimensional contact mechanics analysis of an abrasive surface exhib-
iting multi-scale roughness described by fractal geometry yielded relationships of the abrasive wear rate
and wear coefﬁcient in terms of the interfacial shear strength (adhesion), topography (fractal) parameters
of the hard/rough surface, elastic–plastic material properties of the soft/smooth surface, and total normal
load. Analytical results from the single-contact analysis provide insight into the deformation of a per-
fectly plastic material caused by the abrasive action of a rigid asperity/wear particle under different nor-
mal load and interfacial friction (adhesion) conditions. The dependence of the abrasive wear rate and
wear coefﬁcient on normal load (global interference), roughness of the abrasive surface, elastic–plastic
material properties of the abraded surface, and interfacial shear strength (lubrication effect) is inter-
preted in the context of numerical results obtained for representative ceramic/ceramic, ceramic/metallic,
and metal/metal sliding systems.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Abrasive wear plays an important role in mechanical compo-
nents with contact interfaces, such as gears and bearings, and
mechanical surfacing of materials (Hisakado et al., 2001; Izciler
and Tabur, 2006). This type of wear is encountered over a wide
range of length scales, and is a prime cause of mechanical dysfunc-
tion under different industrial settings (Eyre, 1976). In abrasive
wear, relatively hard asperities and/or wear particles trapped at
the contact interface act as cutting tools, removing material by a
combination of microscopic plowing and microcutting processes,
which are of fundamental importance in surface micromachining
and chemical–mechanical polishing (Lin et al., 2004). Abrasive
wear may also degrade the efﬁcacy of machine tools and grind-
ing/polishing components. Insight into material removal by abra-
sive wear over a wide range of length scales is therefore essential
for optimizing surface machining and improving the operation efﬁ-
ciency and longevity of mechanical elements possessing contact
interfaces.
Early studies of abrasive wear were mainly based on models
similar to Archard’s classical wear model (Archard, 1953). Thus,ll rights reserved.
: +1 510 643 5599.
vopoulos).surface wear resistance was often quantiﬁed by the magnitude of
the wear coefﬁcient, as deﬁned in Archard’s wear equation, which
includes the effects of normal load and hardness of the worn mate-
rial on the rate of material loss. According to traditional abrasive
wear theory, the wear coefﬁcient is proportional to the average
slope (sharpness) of the abrading asperities and/or wear particles
(Rabinowicz, 1995). However, this relationship of the abrasive
wear coefﬁcient is a result of a very simple analysis and is often
in contradiction with experimental evidence. Therefore, a rigorous
treatment of the surface topography effect on abrasive wear is
essential.
In previous studies, wear coefﬁcient relationships were either
not obtained (Hisakado, 1977; Hisakado et al., 1987) or derived
empirically from experimental results (Kato, 1992; Yang, 2003),
while surface description was based on scale-dependent roughness
parameters. To account for themulti-scale roughness demonstrated
by most engineering materials, fractal geometry, characterized by
the properties of scale invariance and self-afﬁnity, was used in sev-
eral contact mechanics studies of rough surfaces (Majumdar and
Bhushan, 1991; Wang and Komvopoulos, 1994a,b; Sahoo and Roy
Chowdhury, 1996; Yan and Komvopoulos, 1998; Persson et al.,
2002; Borri-Brunetto et al., 2001; Komvopoulos and Gong, 2007;
Yin and Komvopoulos, 2010). However, abrasive wear by rough
surfaces exhibiting fractal behavior has received signiﬁcantly less
Nomenclature
a0 area of a truncated microcontact
an contact area of an asperity under pure normal loading
as contact area of a sliding asperity
a0C critical area of truncated asperities for fully plastic
deformation
a0L largest area of truncated asperities
a0S smallest area of truncated asperities
a0W critical area of truncated asperities at the transition
from plowing/wedge formation (no wear) to cutting
(wear)
dn penetration depth of an asperity under pure normal
loading
ds penetration depth of a sliding asperity
D fractal dimension
Dp degree of penetration by a single asperity
E elastic modulus of the soft surface
G fractal roughness
h global interference
H hardness of soft surface
j total number of surface height data of the discretized
surface proﬁle
k shear strength of the soft surface
K abrasive wear coefﬁcient
l thickness of removed material
L proﬁle length
LS smallest characteristic (cut-off) length
m ridge index
M number of superposed ridges
n density function of truncated asperities
N number of asperity contacts with truncated areas great-
er than a given value
P total normal load
q spatial frequency index
rn contact radius of an asperity under pure normal loading
rs contact radius of a sliding asperity
R radius of curvature of a spherical asperity
s interfacial shear strength
S total distance of sliding
S0 total area of truncated asperities
t pile-up thickness at a single asperity contact
T total time of sliding
u magnitude of relative velocity between the sliding
surfaces
uc magnitude of relative velocity between removed
material and rigid asperity
uaB velocity at point B along an a-line
ubB velocity at point B along a b-line
V total wear volume
x, y in-plane Cartesian coordinates
z out-of-plane Cartesian coordinate or surface height
function
zi surface height at ith point of a discretized surface proﬁle
Greek symbols
b slip-line ﬁeld angle
c frequency density control parameter
d local interference
DK wear coefﬁcient of an asperity microcontact
DP normal load at a fully plastic asperity microcontact
D _V material removal rate at the asperity/wear particle level
g interfacial friction angle in slip-line ﬁeld
h slip-line ﬁeld angle
r root-mean-square (rms) roughness of the hard surface
/ slip-line ﬁeld angle
/m,q random phase generator
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surfaces.
Quantitative abrasive wear models accounting for plastic defor-
mation of sliding soft surfaces by hard asperities/particles have
been presented in earlier studies. A common approach has been
to assume rigid-perfectly plastic material, and use the slip-line the-
ory of plasticity to analyze the removal of material by a rigid asper-
ity or a wear particle (Challen and Oxley, 1979). Slip-line theory
has been extensively used to analyze friction under contact condi-
tions conducive to plowing and microcutting of the plastically de-
formed material (Komvopoulos et al., 1986a,b; Hokkirigawa and
Kato, 1988; Kopalinsky and Oxley, 1995). In slip-line models of
plowing friction, a hard asperity/particle is modeled as a rigid
wedge, pushing ahead a wave of plastically deformed material as
it plows through the soft surface (Komvopoulos et al., 1986a;
Kopalinsky and Oxley, 1995; Bressan and Williams, 2009). Alterna-
tively, in slip-line models of sliding friction where plastic ﬂow
leads to the removal of material by microcutting, the plastically de-
formed material slides against the wedge-shaped rigid asperity/
particle, resulting in the formation of a chip correlated to the mate-
rial removal rate (Komvopoulos et al., 1986b; Hokkirigawa and
Kato, 1988; Kopalinsky and Oxley, 1995). Despite important in-
sight into friction and wear at the single microcontact level ob-
tained from the studies mentioned above, analytical studies
based on the integration of single-asperity/particle slip-line mod-
els into fractal mechanics analyses of abrasive wear have not been
reported to date.The main objective of the present study was to develop a com-
prehensive plasticity analysis of the abrasive wear process arising
at sliding contact interfaces demonstrating multi-scale roughness.
Instead of relying on empirical approaches based on experimental
measurements, a three-dimensional (3D) abrasive wear model of a
hard (rigid) fractal surface plowing through a soft smooth surface
was developed based on the slip-line theory of plasticity. Results
from the single microcontact analysis are presented ﬁrst to eluci-
date the dependence of deformation at the asperity/wear particle
level on normal load and interfacial adhesion. This analytical mod-
el is then incorporated into a 3D plasticity analysis of abrasive
wear caused by a rough (fractal) surface, and the abrasive wear
rate and wear coefﬁcient of a relatively smooth and soft counter-
surface are obtained in terms of the total normal load (global inter-
ference), surface topography (fractal) parameters of the rough/hard
surface, elastic–plastic material properties of the smooth/soft
surface, and interfacial friction (adhesion) characteristics of the
sliding surfaces. In addition, numerical results of representative
ceramic/ceramic, ceramic/metallic, and metal/metal sliding inter-
faces are presented to illustrate the effects of important parame-
ters on abrasive wear.
2. Single-contact plasticity analysis
Sliding contact of rough surfaces involves complex interactions
between surface asperities of varying sizes, which may exhibit
either elastic or elastic–plastic deformation. A generally accepted
Fig. 1. (a) Schematic of a hard spherical asperity (wear particle) plowing through a
soft surface and removing material by a microcutting process, (b) detailed view of
plastic region consisting of a network of orthogonal a and b slip-lines, and (c)
hodograph of the slip-line ﬁeld (Komvopoulos, submitted for publication).
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plowing and microcutting by hard asperities and/or wear particles
trapped at the contact interface. Since wear is deﬁned as the loss of
material from a sliding surface, only elastic–plastic asperity
contacts demonstrating microcutting behavior contribute to wear.
Because most surfaces exhibit multi-scale roughness, a compre-
hensive analysis of the abrasive wear process at the asperity level
is essential for developing a generalized abrasive wear theory of
real rough surfaces. Therefore, a single-asperity contact model of
the microcutting process based on the slip-line theory of plasticity
is presented ﬁrst in this section.
Large deformations and velocity discontinuities make plasticity
problems signiﬁcantly more difﬁcult to solve analytically than
elastic problems. Indeed, exact solutions to boundary value prob-
lems of plastically deformed solids are not only sparse, but also
limited to highly simpliﬁed geometries of the contacting bodies.
Even powerful numerical techniques, such as the ﬁnite element
method, require very large meshes to model the complex deforma-
tion processes occurring during surface sliding and excessive com-
putation, because of the large number of iterations needed to avoid
convergence problems caused by greatly distorted ﬁnite elements.
Such difﬁculties may be overcome with the slip-line plasticity
analysis, which is ideal for solving plane strain boundary value
problems involving rigid plastic solids.
In previous slip-line models, the abrasive (cutting) body was as-
sumed to be perfectly sharp (Challen and Oxley, 1979; Petryk,
1987; Lacey and Torrance, 1991; Kopalinsky and Oxley, 1995;
Torrance and Buckley, 1996). However, evenmacroscopically sharp
asperities and acicular wear particles demonstrate local smooth-
ness at microscopic scales. This observation motivated Tsukizoe
and Sakamoto (1975) to study abrasive wear induced by spherical
asperities or wear particles. A slip-line ﬁeld of a spherical asperity/
particle plowing through a soft surface is therefore more represen-
tative of the actual situation than an ideally sharp asperity/particle.
However, such a slip-line model has not been reported to date.
Although Challen and Oxley (1983) considered a slip-line model
of a cylindrical hard asperity, they approximated the contact arc
between the asperity and the deformed material by its chord,
and used one of their earlier slip-line models of wedge-like asper-
ities (Challen and Oxley, 1979) to analyze surface plowing by the
cylindrical asperity. Busquet and Torrance (2000) also presented
a slip-line analysis of a sliding rigid cylinder; however, their model
cannot be used to analyze abrasive wear because the employed
slip-line ﬁeld does not account for the removal of material.
In the present analysis, it is presumed that material is removed
by microcutting occurring at various asperity/wear particle scales.
The cutting edge of the hard (rigid) asperity/wear particle is as-
sumed to have a radius of curvature R and to penetrate the soft sur-
face to depth ds. It is noted that R is a function of the fractal
parameters that characterize the surface topography and the local
interference (Eqs. (8) and (9) in Section 3.1.). For wedge-like asper-
ity tips, plane strain deformation is dominant because material
ﬂow is conﬁned to planes normal to the asperity tip. Slip-line solu-
tions and experimental results of a previous study (Komvopoulos
et al., 1986a) show that the plane strain condition is a reasonable
approximation in the case of spherical asperity tips, provided the
penetration depth is signiﬁcantly less than the width of the pro-
duced groove or the asperity tip radius (e.g., ds/R < 0.1). Material re-
moval involves intense plastic deformation (shearing) ahead of the
rigid asperity, resulting in sliding of the deformed material against
the asperity surface at a relative velocity uc, as shown in Fig. 1(a)
(Komvopoulos, submitted for publication). The soft material is as-
sumed to be isotropic, perfectly plastic, and to approach the rigid
asperity at a constant velocity u.
The deformation ﬁeld of the perfectly plastic material is mod-
eled by a network of orthogonal slip-lines, referred to as the a-and b-lines (Fig. 1(b)). Equilibrium and yield conditions are satis-
ﬁed along each slip-line. The hydrostatic and shear stresses on each
slip-line obey Henky’s equations, which together with Mohr’s cir-
cle determine the stresses at any material point of the slip-line
ﬁeld (Hill, 1967; Kachanov, 1974). Because the plastic material
sliding against the hard asperity separates at point B, boundary
BD is a traction-free surface, i.e., both normal and tangential trac-
tions are zero; hence, the a- and b-lines intersect boundary BD at
an angle of 45. The angle g between an a-line and the tangent
at any point of interface BG depends on the ratio of the interfacial
shear strength s to the shear strength k of the soft material, i.e.,
g ¼ 1
2
cos1
s
k
 
; ð1Þ
where 0 6 s/k 6 1.
For a slip-line ﬁeld to be admissible, mass conservation must be
satisﬁed in conjunction with certain geometric, trigonometric, and
kinematic relationships. For perfectly plastic (incompressible)
material, mass conservation gives that the material removal (wear)
rate D _V (per unit length in the out-of-plane direction) at the asper-
ity/wear particle scale is given by
124 X. Yin, K. Komvopoulos / International Journal of Solids and Structures 49 (2012) 121–131D _V ¼ l  uc ¼ ds  u ¼ ds  ST
 
; ð2Þ
where l is the thickness of the removed material (Fig. 1(a) and (b)), S
is the total distance of sliding, and T is the corresponding time of
sliding.
From the geometry of Fig. 1(a), it follows that
R cos/þ t þ ds ¼ R; ð3Þ
where t is referred to as the pile-up thickness.
The angle between slip-line (BF) and the tangent at surface
point B (Fig. 1(b)) is equal to g, while \DBF = p/4 because (BD) is
a traction-free surface. Hence, the angle between line (BD) and
the line normal to the tangent at point B is equal to p/4  g; thus
(BD) = l/cos(p/4  g). Also, the angle between line (BD) and the
horizontal direction is equal to p/4 + b; hence, t = (BD)sin(p/
4 + b). From the latter two equations, the pile-up thickness can
be expressed as,
t ¼ l sin
p
4 þ b
 
cos p4  g
  : ð4Þ
From geometry considerations, / is expressed in terms of slip-
line angles b and g. As mentioned above, the angle between line
(BD) and the line normal to the tangent at point B is equal to p/
4  g. In addition, the angle between line (BD) and the vertical
direction is equal to (p/2)  (p/4 + b). From the geometry of
Fig. 1(a) it can be deduced that the angle between the line normal
to the tangent line at point B and the vertical direction is equal to
/. Thus [p/4  g] + [(p/2)  (p/4 + b)] = /, which can be simpliﬁed
to
bþ /þ g ¼ p
2
: ð5Þ
For ﬁxed dimensionless penetration depth ds/R and interfacial
shear strength s/k, the slip-line ﬁeld shown in Fig. 1(a) and (b)
is deﬁned by Eqs. (3)–(5). The hodograph of the present slip-line
ﬁeld is shown in Fig. 1(c), where uDI is the relative velocity along
boundary (DI), and angle h is deﬁned in Fig. 1(b). The angle be-
tween uc and the opposite direction of u is equal to / (Fig. 1(c)).
Kinematic admissibility requires that the following velocity condi-
tion is satisﬁed in region (BDF), which consists of straight a- and
b-lines (Fig. 1(c)):
u2aB þ u2bB ¼ u2c sin2 /þ ðuc cos/þ uÞ2; ð6Þ
where uaB and ubB are the velocities at point B along the a- and b-
lines, respectively, determined from a numerical iteration
scheme that uses Geiringer’s equations (Komvopoulos, submitted
for publication).
Assuming an initial value of velocity ratio uc/u equal to 0.1, the
slip-line ﬁeld geometry was determined by solving numerically
Eqs. (3)–(5). If the obtained solution did not satisfy the velocity
condition given by Eq. (6), a different value of uc/u was assumed,
and the numerical procedure was repeated until a kinematically
admissible slip-line ﬁeld was obtained. Eqs. (1)–(5) and the value
of uc/u determined by this iteration procedure were then used to
obtain t, b, and / in terms of R, s/k, and ds.3. Rough surface contact analysis
3.1. Contact model
The hard and rough surface is assumed to be isotropic and self-
afﬁne, having a 3D surface proﬁle z(x,y) given by (Yan and
Komvopoulos, 1998)zðx;yÞ¼L G
L
 ðD2Þ lnc
M
 1=2XM
m¼1
Xqmax
q¼0
cðD3Þq
 cos/m;qcos
2pcqðx2þy2Þ1=2
L
cos tan1 y
x
 
pm
M
 
þ/m;q
" #( )
;
ð7Þ
where L is the proﬁle length, D and G are the fractal dimension
(2 < D < 3) and fractal roughness, respectively (both independent of
spatial frequency in the range where the surface exhibits fractal
behavior), c(c > 1) is a parameter controlling the density of frequen-
cies in the surface proﬁle, typically equal to 1.5 (Komvopoulos and
Yan, 1997),M is the number of superimposed ridges, q is a spatial fre-
quency index with minimum and maximum values equal to 0 and
int[log(L/LS)/logc], respectively, where LS is the cut-off length (set
equal to a few times the lattice distance of the deformable (soft) sur-
face for continuum description to hold), and /m,q is a random phase
uniformly distributed in the range [0,2p], used to prevent the coinci-
dence of different frequencies at any point of the surface proﬁle.
Fractal parameter D determines the relative contributions of
high- and low-frequency components in the surface proﬁle,
whereas fractal roughness G is a height scaling parameter that con-
trols the wave amplitudes in the entire frequency range of the sur-
face proﬁle. Surface roughness increases with decreasing D and
increasing G. Because D and G are scale invariant, fractal surface
description at different length scales is independent of the scale
of measurement. Fig. 2 shows a typical 3D fractal surface con-
structed from Eq. (7). The 3D surface topography given by Eq. (7)
was used to generate the rough (fractal) surfaces used in the elas-
tic–plastic contact analysis presented below.
Because the abrasive rough surface is assumed to be isotropic,
any two-dimensional (2D) surface proﬁle is a statistical represen-
tation of the 3D surface topography. A 2D proﬁle of a fractal surface
(Eq. (7)) truncated by a plane is shown in Fig. 3. The displacement
of the plane toward the rough surface by a distance h, hereafter re-
ferred to as the global interference, produces several truncated
proﬁle segments. Each truncated segment is approximated by a
spherical asperity with base area equal to the truncation area a0
and height equal to the local interference d given by (Yan and
Komvopoulos, 1998)
d ¼ ða
0Þð3DÞ=2
2ðD4Þpð3DÞ=2Gð2DÞ ln cð Þ1=2
: ð8Þ
The radius of curvature of the spherical asperity R is related to
the fractal parameters of the surface topography and the corre-
sponding truncation area (or local interference (Eq. (8))), as shown
by the following relationship (Yan and Komvopoulos, 1998):
R ¼ ða
0ÞðD1Þ=2
2ð5DÞpðD1Þ=2GðD2Þðln cÞ1=2
: ð9Þ
Thesizedistributionof truncatedasperities followsan island-like
distribution similar to that observed in geophysics (Mandelbrot,
1975, 1983). This distribution has been used in previous contact
mechanics studies of fractal surfaces (Majumdar and Bhushan,
1991; Wang and Komvopoulos, 1994a,b; Yan and Komvopoulos,
1998; Komvopoulos and Ye, 2001) in the form of a power-law rela-
tionship given by
Nða0Þ ¼ a
0
L
a0
 ðD1Þ=2
; ð10Þ
where N(a0) is the number of asperities with truncated areas greater
than a0, and a0L is the largest area of truncated asperities at a given
global interference. The density function of truncated asperities
n(a0) of a 3D surface proﬁle is given by (Yan and Komvopoulos,
1998)
Fig. 2. 3D fractal surface generated from Eq. (7) for D = 2.24, G = 2.39  104 nm, c = 1.5, M = 10, L = 7.04  103 nm, and LS = 5 nm (r = 290 nm).
Fig. 3. 2D proﬁle of a truncated rough (fractal) surface.
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0Þ
da0
¼ ðD 1Þ
2a0L
a0L
a0
 ðDþ1Þ=2
: ð11Þ
For a given global interference, a0L can be determined from the
total area of truncated asperities S0 of the rough surface by the fol-
lowing relationship (Komvopoulos and Ye, 2001):
S0 ¼
Z a0L
a0
S
a0nða0Þda0; ð12Þ
where a0S is the smallest area of truncated asperities. For continuum
description to hold, the diameter of a0S is set equal to 5–6 times the
lattice dimension of the worn material.
Substitution of Eq. (11) into Eq. (12) and integration yields
S0 ¼ D 1
3 D
 
1 a
0
S
a0L
 ð3DÞ=2" #
a0L: ð13Þ
At a given global interference, S0 was calculated numerically by
summing up the contact areas of all truncated asperities of the
rough surface (Komvopoulos and Ye, 2001). Then, a0L was obtained
as a function of a0S;D, and S
0 using Eq. (13), and, ﬁnally, the area
range a0S; a
0
L
 	
and spatial distribution of truncated asperities were
determined from Eqs. (11) and (13).
Before presenting the slip-line analysis of the abrasive wear
process, it is instructive to consider deformation at the asperity/
particle (microcontact) level. Yan and Komvopoulos (1998) derived
a relationship of the critical area of truncated asperities, whichdemarcates the transition from elastic to fully plastic deformation
of contacting asperities. In the present study, the hard/rough sur-
face is assumed to be rigid, while the soft/smooth surface is mod-
eled as elastic-perfectly plastic, implying either elastic or fully
plastic deformation at the microcontact level, depending on the lo-
cal interference and microcontact area. Local deformation is either
elastic a0 > a0C
 
or fully plastic a0 6 a0C
 
, depending on the critical
area of truncated asperities a0C , given by (Yan and Komvopoulos,
1998)
a0C ¼
2ð112DÞ
9pð4DÞ
Gð2D4Þ
E
H
 2
ln c
" #1=ðD2Þ
; ð14Þ
where E and H are the elastic modulus and hardness of the soft sur-
face, respectively. Eq. (14) indicates that a0C depends on the fractal
parameters of the hard/rough surface (D and G) and the elastic
and plastic properties of the wearing surface (E and H).
The contact interface comprises either elastic and fully plastic
microcontacts a0L > a
0
C
 
or only fully plastic microcontacts
a0L 6 a0C
 
. Since wear implies the removal of material as a result
of irreversible deformation, only fully plastic microcontacts have
the potential to contribute to wear. Therefore, it is necessary to ob-
tain a wear criterion for the fully plastic microcontacts. Experimen-
tal studies (Hokkirigawa and Kato, 1988; Kato, 1992) suggest that
wave formation (plowing), wedge formation, and cutting are typi-
cal deformation modes at the asperity/wear particle level, and that
the dominance of each of these modes depends on the penetration
V
S
¼
Z
a
Fig. 4. Degree of penetration Dp versus dimensionless shear strength s/k. Discrete
points represent experimental data corresponding to the transition from cutting to
plowing/wedge formation (Hokkirigawa and Kato, 1988). The solid curve ﬁtted
through the experimental data deﬁnes the boundary between abrasive wear
(cutting) and no wear (plowing/wedge formation) sliding conditions.
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contact interface (interfacial adhesion). Considering that abrasive
wear involves the removal of material by microcutting, experimen-
tal data from the former studies were used to derive an abrasive
wear criterion for fully plastic microcontacts. Fig. 4 shows a defor-
mation map that illustrates the dependence of cutting and plow-
ing/wedge formation modes on the degree of penetration Dp and
interfacial adhesion, represented by s/k. The boundary between
these two deformation regimes was determined by curve ﬁtting
through experimental data corresponding to the transition from
cutting to plowing/wedge formation (Hokkirigawa and Kato,
1988). Thus, only fully plastic microcontacts with Dp values above
the curve shown in Fig. 4 were assumed to contribute to the re-
moval of material. Using the equation of the ﬁtted curve, a critical
contact area of truncated asperities a0W demarcating the transition
from plowing/wedge formation (no wear) to cutting (wear) was
determined, as described below. Hence, only fully plastic micro-
contacts a0 6 a0C
 
with a0 6 a0W were considered to contribute to
abrasive wear.
3.2. Wear rate
To determine a0W , it is presumed that the normal load transmit-
ted through each microcontact during sliding is equal to that under
pure normal loading (indentation). For this situation, incompress-
ibility gives
a0 ¼ an ¼ as; ð15Þ
where an is the contact area of a single spherical asperity under pure
normal loading, and as is the contact area of the same asperity pro-
duced from sliding against the soft surface. From Eq. (15) and be-
cause contact during sliding is conﬁned at the front half of the
spherical asperity (Fig. 1(a)), it follows that
an ¼ pr2n ¼ pr2s =2 ¼ as !
ﬃﬃﬃ
2
p
rn ¼ rs; ð16Þ
where rn is the contact radius of an asperity under normal loading,
and rs is the contact radius of a sliding asperity (Fig. 1(a)).
From Eqs. (1)–(5), (16), relationship rs = R sin/ (Fig. 1(a)), and
the fact that b, /, and t are implicit functions of R, ds, and s/k
(shown in Section 2), it follows thatds ¼ f as;R; sk
 
: ð17Þ
Moreover, in view of Eq. (15), Eq. (17) can also be written as
ds ¼ f a0;R; sk
 
: ð18Þ
The degree of penetration Dp is given by (Hokkirigawa and Kato,
1988)
Dp ¼ 0:8 dsrs
 
: ð19Þ
Using Eqs. (15), (16), (18), and (19), Dp is expressed as
Dp ¼ f a0;R; sk
 
: ð20Þ
From Eq. (20) and the deformation map shown in Fig. 4, the fol-
lowing relationship is obtained at the asperity/wear particle
(microcontact) level,
a0W ¼ f R;
s
k
 
: ð21Þ
Substitution of Eq. (9) into Eq. (20) gives
Dp ¼ f D;G; sk ; a
0
 
: ð22Þ
From Eq. (22) and Fig. 4, it follows that for a rough (fractal)
surface
a0W ¼ f D;G;
s
k
 
: ð23Þ
Eq. (23) indicates that a0W depends on the topography of the
hard/rough surface and the interfacial shear strength, which is con-
trolled by the adhesion characteristics of the sliding surfaces.
The abrasive wear rate is deﬁned as the total wear volume V
generated from fully plastic microcontacts, having microcutting
as the deformation mode, divided by the total distance of sliding
S. Hence, depending on a0C ; a
0
W , and a
0
L, the abrasive wear rate V/S
can be expressed as shown below.
(a) For a0L > a
0
C > a
0
W ,a0W
0
S
DVða0Þ
S
nða0Þda0: ð24aÞ(b) For a0L > a
0
W P a
0
C ,
V
S
¼
Z a0C
a0
S
DVða0Þ
S
nða0Þda0; ð24bÞ
where DV/S is the wear volume per unit sliding distance at the
microcontact level, obtained from Eq. (2) as
DVða0Þ=S ¼ dsða0Þ: ð25Þ
From Eqs. (9), (11), (13), (14), (18), and (23)–(25), and the
dependence of S0 on the total normal load P, it follows that
V
S
¼ f D;G; s
k
;
E
H
; P
 
: ð26Þ
Eq. (26) indicates that the abrasive wear rate depends on the
topography of the abrasive rough surface, the dimensionless inter-
facial shear strength (controlled by the adhesion of the sliding sur-
faces), the elastic modulus-to-hardness ratio E/H of the abraded
soft surface, and (implicitly) the total normal load P distributed
over the total area of truncated asperities S0, which determines
the magnitude of a0L (Eq. (13)).
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The normal load transmitted through a fully plastic microcon-
tact is given by DP = Has. In addition, the indentation hardness
and the shear strength of the abraded surface are related to each
other by H = 6k. From these two relationships, it follows that
DP ¼ 6kas: ð27Þ
Based on the classical deﬁnition of the wear coefﬁcient (Arch-
ard, 1953), the wear coefﬁcient at the asperity microcontact level
DK can be expressed as
DKða0Þ ¼ DVða
0Þ
S
 H
DPða0Þ : ð28Þ
Substitution of Eq. (25) and relationship DP = Has into Eq. (28)
gives
DKða0Þ ¼ dsða0Þ=a0: ð29Þ
The total wear coefﬁcient K is deﬁned as the statistical average
of the wear coefﬁcients of all fully plastic microcontacts, having
microcutting as the mode of deformation, established at the con-
tact interface. Hence, depending on a0C ; a
0
W , and a
0
L, the abrasive
wear coefﬁcient K can be determined from the relationships given
below.
(a) For a0L > a
0
C > a
0
W ,K ¼
R
a
a0W
0
S
DKða0Þnða0Þda0R a0L
a0
S
nða0Þda0
: ð30aÞFig. 5. Ratio of penetration depth during sliding to indentation depth ds/dn of an
asperity microcontact versus dimensionless normal load DP/(kR2) and interfacial
shear strength s/k. The region enclosed by the dashed curve and solutions for s/k = 0
and 1 deﬁnes the domain of admissible slip-line solutions.(b) For a0L > a
0
W P a
0
C ,
K ¼
R a0C
a0
S
DKða0Þnða0Þda0R a0L
a0
S
nða0Þda0
: ð30bÞ
From Eqs. (9), (11), (13), (14), (18), (23), (29), and (30), it follows
that
K ¼ f D;G; s
k
;
E
H
; P
 
: ð31Þ
Similar to the wear rate, Eq. (31) indicates that the abrasive
wear coefﬁcient depends on the topography of the rough surface
(through fractal parameters D and G), the interfacial shear strength
s/k (controlled by the adhesion behavior of the sliding surfaces),
the elastic modulus-to-hardness ratio E/H of the abraded soft sur-
face, and (implicitly) the total normal load P distributed over the
total area of truncated asperities S0, which determines the magni-
tude of a0L (Eq. (13)).
4. Results and discussion
4.1. Deformation mode at a single asperity/wear particle microcontact
Before presenting numerical results for rough contact inter-
faces, it is instructive to consider the deformation behavior of a sin-
gle microcontact under cutting conditions in the context of slip-
line plasticity solutions. The dependence of the deformation mode
during abrasive wear on the applied normal load can be inter-
preted in terms of the ratio of the penetration depth during sliding
ds to the indentation depth dn under pure normal loading. For a
spherical asperity of radius R penetrating a half-space to depth dn,
R2 ¼ r2n þ ðR dnÞ2: ð32Þ
From Eqs. (15), (16), and (32), it follows thatdn ¼ R R2  a
0
p
 1=2
: ð33Þ
Eq. (33) shows that dn depends on R and a0 but not on s/k.
Eqs. (15), (17), (27), and (33) indicate that ds/dn is an implicit
function of the asperity radius R, the dimensionless normal load
DP/(kR2), and the interfacial shear strength s/k, i.e.,
ds
dn
¼ f R; DP
kR2
;
s
k
 
: ð34Þ
Because a closed-form solution of ds/dn cannot be obtained from Eq.
(34), numerical solutions of ds/dn obtained in terms of DP/(kR2) and
s/k are presented in Fig. 5. The region enclosed by the dashed curve
(determined from Eqs. (15), (21), and (27)) and the solutions for s/
k = 0 and 1 deﬁnes the domain where the present slip-line model is
admissible. Outside this region, slip-line models representative of
other friction mechanisms, such as plowing and wedge formation,
may be applicable. The analysis yields ds/dn> 1 through the entire
load range where the slip-line ﬁeld is admissible. This trend be-
comes more pronounced with increasing normal load and decreas-
ing interfacial shear strength, implying that higher loads are needed
to abrade surfaces strongly adhering to the abrasive surface, in ac-
cord with experimental observations (Hokkirigawa and Kato, 1988).
Further insight into the sliding conditions that are conducive to
abrasive wear can be obtained by considering the dependence of
the dimensionless pile-up thickness t/R on the dimensionless nor-
mal load DP/(kR2) and the interfacial shear strength s/k. Eqs. (1)–
(5) show that t/R is an implicit function of ds, R, and s/k, i.e.,
t
R
¼ f ds;R; sk
 
: ð35Þ
Consequently, Eqs. (17), (27), and (35) yield
t
R
¼ f R; DP
kR2
;
s
k
 
: ð36Þ
Fig. 6(a) shows that the pile-up thickness t of fully plastic
microcontacts contributing to abrasive wear is less than 10% of
the asperity radius R and a tendency of t/R to increase with the nor-
mal load and the interfacial shear strength. Fig. 6(b) shows the vari-
ation of the pile-up thickness-to-penetration depth ratio t/ds with
the dimensionless normal load DP/(kR2) and the interfacial shear
strength s/k. In Fig. 6(a) and (b), the dashed curve (determined
from Eqs. (15), (21), and (27)) and the solutions for s/k = 0 and 1
Fig. 6. Ratio of (a) pile-up thickness to asperity radius t/R and (b) pile-up thickness
to penetration depth t/ds of an asperity microcontact versus dimensionless normal
load DP/(kR2) and interfacial shear strength s/k. The region enclosed by the dashed
curve and solutions for s/k = 0 and 1 deﬁnes the domain of admissible slip-line
solutions.
Table 1
Material properties of analyzed sliding systems.
Sliding system Material Propertiesa
Elastic modulus E(GPa) Hardness H
(GPa)
E/H
Al2O3/CrN Al2O3 307 27.6 /
CrN 103 14.8 6.96
Al2O3/TiC Al2O3 307 27.6 /
TiC 450 23.5 19.2
AISI 1095/ AISI 200 6.08 /
AISI 1020 1095
AISI
1020
200 1.71 117
a Sources: Komvopoulos and Zhang (2008) and Suh (1986).
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Eqs. (1)–(5), (17), and (27) indicate that t/ds is an implicit function
of R, DP/(kR2), and s/k, i.e.,
t
ds
¼ f R; DP
kR2
;
s
k
 
: ð37Þ
As shown in Fig. 6(b), t is always less than ds, and t/ds decreases
with the interfacial shear strength and the increase of the normal
load, except in the case of s/k = 1 for which the pile-up thickness
increases with the normal load faster than the penetration depth.4.2. Wear rate
Since a closed-form solution of a0W (Eq. (23)) cannot be de-
rived, numerical results of the wear rate and the wear coefﬁcient
(Eqs. (26) and (31), respectively) were obtained in terms of the
global interference h, root-mean-square (rms) roughness r and
fractal dimension D of the rough/hard surface, and elastic modu-
lus E and hardness H of the soft/smooth surface. The rms rough-
ness was calculated numerically from surface height data zi
obtained from Eq. (7) for a given set of fractal parameters D
and G, in accord with the deﬁnition of the rms roughnessr ¼ 1j
Pj
i¼1z
2
i
h i1=2
, where j is the total number of surface height
data of the discretized surface proﬁle. Table 1 gives the material
properties of representative ceramic–ceramic (Al2O3/TiC), cera-
mic–metallic (Al2O3/CrN), and metal–metal (AISI 1095 steel/AISI
1020 steel) sliding systems. The numerical results presented be-
low are for a 3D surface topography generated from Eq. (7) for
c = 1.5, M = 10, LS = 5 nm, L = 7.04  103 nm, and /m,q = p/2. In all
of the simulation cases, a0S ¼ p r0S
 2 ¼ pðLS=2Þ2 ¼ 19:6 nm2.
Fig. 7(a) shows the wear rate V/S of the Al2O3/CrN sliding system
as a function of global interference h and dimensionless interfacial
shear strength s/k for ﬁxed topography parameters of the rough/
hard surface (D = 2.24, G = 1.07  104 nm, and r = 100 nm). The
wear rate increases linearlywith the global interference and the de-
crease of s/k, suggesting higher wear (material removal) rates for
lower interfacial shear strength (adhesion), a well-known trend in
surface machining where the efﬁciency of the material removal
can be enhanced by reducing the friction energy expended as the
cut material slides against the tool surface (Cook, 1966).
The dependence of the wear rate V/S of the Al2O3/CrN sliding
system on the roughness r of the hard/rough surface for ﬁxed
global interference (h = 30 nm) can be interpreted in the context
of the results shown in Fig. 7(b). The rms roughness of the hard/
rough surface (Al2O3) was varied in the range of 10–1000 nm by
varying the fractal roughness G, while keeping the fractal dimen-
sion constant (D = 2.24). The wear rate increases with the rough-
ness of the hard surface and the decrease of the interfacial shear
strength. The roughness effect is more pronounced than
that of the interfacial adhesion in the low-roughness range
(r = 10–100 nm), while adhesion plays an important role only in
the high-roughness range (r = 100–1000 nm).
Fig. 7(c) shows the effect of the fractal dimension D (surface
roughness r) of the hard/rough surface on the wear rate V/S of the
Al2O3/CrN, Al2O3/TiC, and AISI 1095/AISI 1020 sliding systems for
ﬁxed global interference (h = 30 nm), interfacial shear strength
(s/k = 0.5), and fractal roughness of the hard/rough surface
(G = 2.39  104 nm). The decreasing trend of V/S with increasing
D can be explained by considering the variation of a0C with D, shown
in Fig. 8. All sliding systems show an increase in V/Swith decreasing
D, i.e., V/S increases with the roughness of the hard surface. For a
given topography of the hard surface, V/S depends on the elastic
modulus-to-hardness ratio E/H of the abraded surface (Table 1). This
ﬁnding is supported by the fact that, for ﬁxed topography parame-
ters of the hard surface, a0C depends only on the E/H ratio of the soft
surface, as indicated by Eq. (14) and shown in Fig. 8. The effect of the
material properties of the soft surface is signiﬁcant for lowD values,
i.e., in the high-roughness range (r > 105 nm) of Fig. 8.
4.3. Wear coefﬁcient
Fig. 9(a) shows the wear coefﬁcient K of the Al2O3/CrN sliding
system as a function of global interference h and interfacial
Fig. 7. (a) Wear rate V/S of the Al2O3/CrN sliding system versus global interference h
and dimensionless interfacial shear strength s/k for D = 2.24, G = 1.07  104 nm,
and r = 100 nm; (b) wear rate V/S of the Al2O3/CrN sliding system versus surface
roughness r of the hard surface and dimensionless interfacial shear strength s/k for
D = 2.24 and h = 30 nm; (c) wear rate V/S of the Al2O3/CrN, Al2O3/TiC, and AISI 1095/
AISI 1020 sliding systems versus fractal dimension D and roughness r of the hard
surface for G = 2.39  104 nm, h = 30 nm, and s/k = 0.5. (The material properties of
each sliding system are given in Table 1.)
Fig. 8. Critical area of truncated asperities for fully plastic microcontact deforma-
tion a0C of the Al2O3/CrN, Al2O3/TiC, and AISI 1095/AISI 1020 sliding systems versus
fractal dimension D and roughness r of the hard surface for G = 2.39  104 nm.
(The material properties of each sliding system are given in Table 1.)
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surface (D = 2.24, G = 1.07  104 nm, and r = 100 nm). The wear
coefﬁcient is on the order of 102, which is typical of two-body
abrasive wear (Rabinowicz, 1995). The trend for K to decrease with
increasing h is observed with all values of s/k. The higher wear
coefﬁcients obtained with lower s/k values indicate that the de-crease of the interfacial adhesion (e.g., by lubricating the sliding
surfaces) enhances more the abrasive wear compared to the global
interference. This is attributed to less frictional energy losses at
well-lubricated or low-adhesion contact interfaces. Fig. 9(a) sug-
gests that light loads and low-adhesion contact conditions are con-
ducive to the removal of material, which is critical to the efﬁciency
of polishing and grinding processes.
The effect of the hard surface roughness r on the wear coefﬁ-
cient K of the Al2O3/CrN sliding system for a ﬁxed global interfer-
ence (h = 30 nm) can be analyzed in light of the results shown in
Fig. 9(b). Surface roughness was varied by two orders of magni-
tude (10–1000 nm) by varying accordingly the fractal roughness
G, while keeping the fractal dimension ﬁxed (D = 2.24). These re-
sults illustrate that the effect of the hard surface roughness on
abrasive wear is much more pronounced than that of interfacial
adhesion. The increase of the wear coefﬁcient with surface rough-
ness is in good agreement with experimental observations (Hisa-
kado, 1977; Hisakado et al., 1987). It is also noted that the wear
coefﬁcient increases slower in the low-roughness range (10–
100 nm) than in the high-roughness range (100–1000 nm), in
agreement with the lower material removal rates in polishing
(smoother abrasives) compared to grinding (rougher abrasives),
respectively.
Fig. 9(c) shows a comparison of the abrasive wear coefﬁcient K
of the Al2O3/CrN, Al2O3/TiC, and AISI 1095/AISI 1020 sliding sys-
tems for different values of the fractal dimension D (surface rough-
ness r) and ﬁxed fractal roughness (G = 2.39  104 nm),
interfacial shear strength (s/k = 0.5), and global interference
(h = 30 nm). As expected, the variation of K with D and r is similar
to that of V/S (Fig. 7(c)) and a0C (Fig. 8). The ceramic–metallic sliding
system shows the lowest wear coefﬁcients through the entire
range of fractal dimension (surface roughness) of the rough/hard
surface, demonstrating a higher abrasive wear resistance than
the ceramic–ceramic and metal–metal sliding systems.
5. Conclusions
A contact mechanics analysis of the abrasive wear of a soft/
smooth surface sliding against a hard/rough (fractal) surface was
developed based on the slip-line theory of plasticity and the
Fig. 9. (a) Wear coefﬁcient K of the Al2O3/CrN sliding system versus global
interference h and dimensionless interfacial shear strength s/k for D = 2.24,
G = 1.07  104 nm, and r = 100 nm; (b) wear coefﬁcient K of the Al2O3/CrN sliding
system versus roughness r of the hard surface and dimensionless interfacial shear
strength s/k for D = 2.24 and h = 30 nm; (c) wear coefﬁcient K of the Al2O3/CrN,
Al2O3/TiC, and AISI 1095/AISI 1020 sliding systems versus fractal dimension D and
roughness r of the hard surface for G = 2.39  104 nm, h = 30 nm, and s/k = 0.5.
(The material properties of each sliding system are given in Table 1.)
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line analysis provides insight into the deformation mode at theasperity microcontact level in terms of the normal load transmit-
ted through the microcontact and the interfacial shear strength.
Material removal (wear) was considered to occur only at fully plas-
tic microcontacts having microcutting as the dominant mode of
deformation. Solutions of the abrasive wear rate and wear coefﬁ-
cient were obtained in terms of the interfacial shear strength
(adhesion effect), fractal parameters of the hard/rough surface
(roughness effect), elastic–plastic material properties of the soft
surface (deformation effect), and total normal load. Numerical re-
sults of representative sliding systems yielded insight into the ef-
fects of normal load, interfacial adhesion, topography of the
hard/rough surface, and material properties of the soft/smooth sur-
face on the abrasive wear rate and wear coefﬁcient. Based on the
obtained results and discussion, the following main conclusions
can be drawn from the present analysis.
1. Material removal at the asperity/wear particle level depends on
the critical area of truncated asperities, which is a function of
the elastic–plastic material properties of the abraded soft sur-
face, topography parameters (roughness) of the abrasive rough
surface, and interfacial shear strength (adhesion characteristics)
of the sliding surfaces.
2. The penetration depth of a sliding asperity is always greater
than the indentation depth of the same asperity under a given
normal load. This effect becomes more pronounced with
increasing normal load and decreasing interfacial shear
strength.
3. The wear rate increases sharply with the roughness of the abra-
sive surface and decreases with the increase of the interfacial
shear strength.
4. The wear coefﬁcient decreases with the increase of the global
interference (normal load) and moderately with the increase
of the interfacial shear strength, but increases rapidly with
the increase of the roughness of the abrasive surface.
5. Both the abrasive wear rate and the wear coefﬁcient depend on
the elastic modulus-to-hardness ratio of the abraded soft
surface.
6. The abrasive wear coefﬁcient assumes values on the order of
102, depending on the global interference (normal load effect),
topography of the abrasive surface (roughness effect), material
properties of the worn surface (deformation effect), and interfa-
cial shear strength of the sliding surfaces (adhesion effect).Acknowledgement
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